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Strongly interating Fermi gases are of great
urrent interest. Not only are fermions the most
ommon partiles in the universe, but they are
also thought to have a universal thermodynami
behavior for strong interations [1, 2, 3℄. Re-
ent experiments on ultra-old Fermi gases pro-
vide an unpreedented opportunity to test uni-
versality in the laboratory [4, 5, 6, 7, 8℄. In
priniple this allows - for example - the interior
properties of hot, dense neutron stars to be in-
vestigated on earth. Here we arry out a de-
tailed test of this predition. We analyze results
from three ultra-old fermion experiments involv-
ing two ompletely distint atomi speies in dif-
ferent kinds of atomi trap environments [6, 7, 8℄.
The data is ompared with the preditions of a re-
ent strong interation theory [9, 10℄. Exellent
agreement is obtained, with no adjustable param-
eters. By extrapolating to zero temperature, we
show that the experimental measurements yield a
many-body parameter β ≃ −0.59± .07, desribing
the universal energy of strongly interating Fermi
gases.
Experiments on ultra-old Fermi gases at miro-Kelvin
temperatures are revolutionizing many areas of physis.
Their exeptional simpliity allows tests of many-body
theory in areas long thought to be inaessible. The
ability to widely tune the eetive interation between
fermions via a broad Feshbah resonane in gases of
6
Li
and
40
K has allowed resonane models proposed in high-
T superondutivity theory [11℄ to be implemented with
fermioni ultra-old atoms [12℄. Fortunately, the Pauli
exlusion priniple stabilizes the resulting exited mole-
ular states against ollisional damping [13℄. This has
permitted the experimental observation of the smooth
evolution of the Fermi gas from the attrative regime of
Bardeen-Cooper-Shrieer (BCS) superuidity through
to a regime where moleules form a Bose-Einstein on-
densate (BEC) [14, 15, 16, 17, 18, 19℄. On the usp of
this BCS-BEC rossover, there is a strongly interating
regime  the so-alled unitarity limit [3℄, whih leaves
the inter-atomi distane as the only relevant length
sale.
At this point, the gas is expeted to exhibit a univer-
sal thermodynami behaviour, independent of any miro-
sopi details of the underlying interations. The ground
state energy E0 of a homogeneous gas at zero tempera-
ture should be proportional to the free Fermi energy, EF .
Thus, E0 = EF (1+β), where β is a universal many-body
parameter. Substantial experimental eorts have been
arried out to verify the existene of universality [4, 5℄,
though so far there has been no onlusive onrmation.
This is mainly due to the lak of reliable thermometry in
the strongly interating regime [10℄, leading to an uner-
tainty in the nite temperature orretions.
The universal parameters estimated from energies at
the lowest aessible (but unknown) temperature, range
from β = −.68 ± 0.1 to β = −.54 ± 0.05 [6, 8, 16,
17℄. Sine these are not at zero temperature, there is an
unknown orretion fator required to obtain the ground
state energy, and hene the true value of β. There is
a similar range of estimated theoretial values, though
a more preise value of β = −0.58 ± 0.01 was reently
obtained from zero temperature quantum Monte Carlo
simulations [20℄.
This situation has dramatially improved in the most
reent thermodynami measurements on strongly inter-
ating Fermi gases of
40
K and
6
Li atoms [7, 8℄, whih
allow aurate estimates of the energy in the universal
regime from the fermioni loud size. In experiments on
40
K arried out at JILA [7℄, an adiabati magneti eld
sweep is used to ompare measurements in the strongly
interating and weakly interating regimes, so that the
non-interating temperature is also known from the loud
size after the sweep. An important oneptual advane
of the Duke group [5℄ who use
6
Li, was the realization
that this gives a model-independent measurement of the
entropy in the strongly-interating regime, thus allowing
a preision test [8℄ of theoretial preditions of universal
thermodynamis. A dierent approah at Rie [6℄, also
with
6
Li, makes use of the detailed density distribution
to estimate temperature and entropy.
These ground-breaking investigations provide mea-
surements aurate to the level of a few perent, whih is
an exeptional auray in this hallenging eld of ultra-
low temperature physis.
In this Letter, we re-analyze all the available experi-
mental data from these three laboratories, thus obtain-
ing the measured entropy-energy relation of two om-
pletely dierent strongly interating trapped Fermi gases.
We ompare this diretly with a single universal the-
oretial predition. We use a diagrammati approah
based on funtional path-integrals [9, 21℄ together with
the loal density approximation to treat the inhomoge-
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Figure 1: (Color online) Illustration of the universal
thermodynamis of a strongly interating Fermi gas.
Comparison between theoretial preditions and experimen-
tal measurements on the entropy-energy relation of strongly
interating Fermi gases in a harmoni trap. Inset highlights
the low entropy region. The energy is in units of the Fermi
energy, whih is the highest single-partile energy level of a
non-interating gas in the same trap with the same number of
fermions, N . Brown solid urve is our theoretial predition,
and the blak dash-dotted urve is the ideal gas energy. The
experimental data is from Refs. [6, 7℄ and [8℄, on
6Li and 40K
fermioni atoms, with error-bars taken from the experimental
papers using appropriate onversions. All results agree with
a single, universal theoretial urve.
neous trap. Below the superuid transition, our alu-
lations inlude pairing utuations, whih are important
in the strongly interating regime, due to the onset of
moleule formation. This approah is desribed in detail
elsewhere [9℄. Above threshold we use the well-known
Nozières-Shmidt-Rink (NSR) theory [22, 23, 24℄. We
demonstrate a quantitative test of these thermodynami
preditions by omparing experimental results on both
types of atom with a single theoretial urve, as shown
in Fig (1). There are no adjustable parameters, so this
provides strong evidene for universality.
Further, by using power-law extrapolation to estimate
nite temperature orretions, we are able to show that
all the experimental data give rise to a universal many-
body oeient of β ≃ −0.59± 0.07. This is in exellent
agreement both with the Monte Carlo results [20℄, β =
−0.58± 0.01, and our earlier theoretial predition [9℄ of
β ≈ −0.599.
We summarize the experimental proedures, as typi-
ed by the JILA work using
40
K atomi gases [7℄. Here,
the strongly interating gas is prepared in a harmoni
trap at the Feshbah resonane, and the potential en-
ergy is measured from the observed radius. Next, the
magneti eld is swept adiabatially to a zero satter-
ing length eld, and the potential energy at this eld
is again measured, whih gives the non-interating tem-
perature. From this data, we obtain the entropy of the
interating gas [7℄, sine the energy-entropy relation of
a non-interating Fermi gas is known. The total energy
is also obtained, as it is twie the potential energy at
the resonane, owing to the virial theorem [5℄. Fig. 2a
gives the predited potential energy ratio as a funtion
of the non-interating temperature in the presene of a
harmoni trap, together with the experimental measure-
ments. The observed redution of the potential energy
in the strongly interating regime is theoretially repro-
dued. Converting the non-interating temperature and
the potential energy into the total entropy and energy,
respetively, we obtain the entropy-energy relation for
40
K gas in Fig. 2b. We nd an exellent agreement be-
tween the experimental data and theoretial preditions
below threshold. There is a small disrepany just above
the ritial temperature of (T/TF )
0 ≈ 0.25 or the riti-
al entropy of Sc ≃ 2.2NkB, where we expet that the
above threshold NSR theory may be less reliable. This
eet is learly visible in Fig. 2a, whih gives the original
experimental measurements. The nonlinear transforma-
tion used to obtain the entropy-energy relation in Fig.
2b means that onventional retangular error-bars give
only a qualitative indiation of the unertainties in this
gure.
Next, we disuss in greater detail the
6
Li experiment in
Duke [8℄, whih has greater auray but involves some
extra orretions due to the anharmoni trap used, and
residual interations in the weakly interating loud. The
strongly interating Fermi gas of N = 1.3(2)×105 atoms
is prepared in a shallow Gaussian (anharmoni) trap
V (r) = U0{1− exp[−m(ω
2
⊥
ρ2 +ω2zz
2)/(2U0)]} at a mag-
neti eld B = 840 G, slightly above the resonane po-
sition B0 = 834 G. The oupling onstant kFa = −30.0,
where kF is the Fermi wave vetor and a is the s-wave
inter-atomi sattering length, is suient large to en-
sure the onset of the universal thermodynami behavior.
Experimentally, the entropy of the gas is measured by an
adiabati passage to a weak interating eld B = 1200G,
where kFa = −0.75 and the entropy and temperature is
known from the loud size after the sweep. The energy E
is determined model independently from the mean square
radius of the strongly interating fermion loud
〈
z2
〉
840
measured at 840 G, aording to the virial theorem [5, 8℄,
E
NEF
=
〈
z2
〉
840
z2F
(1− κ) , (1)
where EF = (3Nω
2
⊥
ωz)
1/3 = kBTF is the Fermi energy
for an ideal harmonially trapped gas at the trap enter,
and z2F is dened by 3mω
2
zz
2
F ≡ EF . The orretion
fator 1−κ aounts for the anharmoniity in the shallow
trapping potential U0 ≃ 10EF .
Fig. 3a shows the bare experimental data on the ratio
of the mean square axial loud size at 1200 G to that at
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Figure 2: (Color online) Analysis of the
40
K experiment
in JILA. a, Experimental data on the potential energy Epot
normalized to that in the non-interating regime E0pot for
a
40
K gas at unitarity, as a funtion of the non-interating
gas temperature (T/TF )
0
. It onverges to unity as expeted
(dashed green horizontal line). The experimental data are
ompared with our theoretial predition for a harmonially
trapped, strongly interating Fermi gas. b, Comparison be-
tween theory and experiment on the entropy dependene of
the energy for a unitarity gas. The experimental entropy is
alulated from the non-interating temperature, with error-
bars onverted from the experimental data. The energy is
double the potential energy Epot due to the virial theorem [5℄.
840 G, as a funtion of the energy at 840 G, as ompared
to the theoretial simulations with the same realisti pa-
rameters, exept that we use a resonane eld B0 for the
strongly interating gas. Good agreement is found, with
no free parameters. As before, there is a small disrep-
any between the raw data and theoretial preditions,
just above the ritial energy. We have realulated the
entropy orretions due to residual interations in the
1200G loud to improve the auray at the 1% level, by
using an above-threshold NSR theory. Calibration of the
entropy from the measured mean square axial loud size
at 1200 G using the theoretially predited dependene
of the entropy on the size (inset in Fig. 3b) leads to the
omparison for the entropy-energy relation, as shown in
Fig. 3b. The agreement is even more impressive.
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Figure 3: (Color online) Analysis of the
6
Li experiment
in Duke. a, Experimental data on the ratio of the mean
square loud size at 1200 G,
˙
z2
¸
1200
to that at 840 G,
˙
z2
¸
840
for a
6
Li gas, as a funtion of total energy, are ompared to
the theoretial simulations. The data is obtained by an adi-
abati passage from a strongly interating eld B = 840 G
to a weakly interating eld B = 1200 G. The total energy is
measured at 840 G by utilizing the virial theorem, and is nor-
malized with respet to the Fermi energy of a non-interating
gas. The theoretial urve are alulated under the same pro-
edure and parameters, exept that the starting eld is at
the Feshbah resonane B = 834 G. As shown by the dashed
green horizontal line, the ratio onverges to unity at high en-
ergy as the gas beomes more ideal. The arrow points to the
theoretially predited energy at transition point. b, Exper-
imental data on the entropy dependene of the energy for a
strongly interating gas at 840 G, ompared to the predi-
tions from our strong interation theory. The result for an
ideal gas is also plotted. The entropy and error-bars of the
gas are alibrated from the experimental mean square axial
loud size
˙
z2
¸
1200
, using our theoretial dependene of the
entropy on the loud size (as shown in the inset), whih should
be extremely aurate in the weakly interating regime.
We an now desribe the proedures used to obtain Fig
(1), whih illustrates the universal thermodynami be-
havior of a strongly interating Fermi gas. Here we have
plotted all the measured data in a single gure, and om-
pared them with our predition for the entropy depen-
dene of the energy of a harmonially trapped, strongly
4interating Fermi gas, as well as that of an ideal Fermi
gas. The slight shift of the experimental data in the
Duke experiment due to the anharmoniity of the trap
has been orreted, by subtrating the (small) theoret-
ial dierene between a shallow Gaussian trap and a
harmoni trap for the energy at the same entropy. We
plot also a single data point from the
6
Li experiment
in Rie [6℄ for the energy at their lowest entropy. The
agreement between theory and experiment is exellent
for almost all the measured data. Exatly the same the-
ory is used in all ases, with results from three dierent
laboratories [6, 7, 8℄. The universal thermodynamis of a
strongly interating Fermi gas is strikingly demonstrated,
independently of whih atomi speies we ompare with.
Just above the ritial entropy Sc ≃ 2.2NkB, for the
superuid-normal uid phase transition, there is a sug-
gestion of a disrepany between theoretial preditions
and these preise measurements. At this point the above-
threshold NSR theory is least aurate [10℄. The data
here may even indiate a rst order superuid phase tran-
sition. We note that the exat order of phase transition
for a strongly interating Fermi gas is still an open ques-
tion [25℄, and merits further investigation.
A key feature of urrent ultra-old Fermi gas exper-
iments is that the lowest attainable entropy is around
S = 0.7NkB, whih orresponds to a temperature of
0.10− 0.15TF at unitarity. This nonzero entropy or tem-
perature aets the preise determination of the univer-
sal many-body parameter β. To remove the temperature
dependene, we assume that in the low entropy regime
(below the phase transition), there is a power law de-
pendene of the energy on the entropy: E − E0 ∝ S
α
,
as antiipated theoretially. For non-interating Fermi
and Bose gases, the power law exponents are 2 and
4/3, respetively. The thermodynamis of a unitary
gas should lie between an ideal Fermi gas and an ideal
Bose-Einstein ondensate. The tting proedure leads to
E0/(NEF ) = 0.48± 0.03 and E0/(NEF ) = 0.48± 0.04,
for the Duke and JILA experiments, respetively, with a
similar power law exponent α = 1.7± 0.4. Here the error
bar aounts for the tting error only. Using the rela-
tion E0/N = (3/4)(1 + β)
1/2EF for a harmoni trap [4℄,
this gives rise to β ≃ −0.59 ± 0.07: whih agrees fairly
well with the most aurate quantum Monte Carlo sim-
ulations [20℄, β = −0.58± 0.01, and our theoretial pre-
ditions [9℄, β ≈ −0.599. Our theoretial power-law pre-
dition is α = 1.5 in the LDA regime, whih also agrees
with experiment.
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Methods.  We briey explain our analyti the-
ory. This is an approximate method using perturba-
tion theory summed to all orders, sine no exat re-
sults are known. In the homogeneous gas ase, it relies
on the many-body T -matrix approximation to aount
for the eets of olletive Bogoliubov-Anderson modes,
and extends the standard NSR approah to the broken-
symmetry state [9℄. This amounts to onsidering the
ontributions of Gaussian utuations around the mean-
eld saddle point to the thermodynami potential (with
Nambu notation),
δΩ =
1
2
∑
Q
ln det
[
χ11 (Q) χ12 (Q)
χ12 (Q) χ11 (−Q)
]
, (2)
where
χ11(Q) =
m
4π~2a
+
∑
K
G11(Q −K)G11(K)−
∑
k
1
2ǫk
,
χ12(Q) =
∑
K
G12(Q−K)G12(K),
are respetively the diagonal and o-diagonal parts of the
pair propagator. Here, Q = (q, iνn), K = (k, iωm), and∑
K = kBT
∑
m
∑
k
(q and k are wave vetors, νn and
ωm bosoni and fermioni Matsubara frequenies, respe-
tively), m is the fermion mass, T the temperature, and
ǫk = ~
2k2/2m, G11 and G12 are BCS Green's funtions
with a variational order parameter ∆. Together with the
mean-eld ontribution
Ω0 =
∑
k
[
ǫk − µ+
∆2
2ǫk
+ 2kBTf(−Ek)
]
−
m∆2
4π~2a
, (3)
where the exitation energy Ek = [(ǫk−µ)
2+∆2]1/2 and
the Fermi distribution funtion f(x) = 1/(1 + ex/kBT ),
we obtain the full thermodynami potential Ω = Ω0+δΩ.
All the observables are alulated straightforwardly fol-
lowing the thermodynami relations, one the hemial
potential µ and the order parameter ∆ are determined.
Number onservation in the form n = −∂Ω/∂µ is stritly
satised, yielding an exat identity for the pressure P and
energy density E of a unitarity gas: P = 2/3E [3, 5℄. For
simpliity, in our alulations we determine the order pa-
rameter at the level of mean eld, using the gap equation
∂Ω0/∂∆ = 0. Part of our approah was also previously
derived using a funtional integral method [21℄. In the
ase of the normal Fermi liquid with vanishing order pa-
rameter, the usual NSR formalism is reovered [22℄.
This type of perturbation theory with bare BCS Green
funtions in the pair propagators onstitutes the simplest
desription of the BCS-BEC rossover, inluding the es-
sential pair utuations. More sophistiated approxima-
tions with dressed Green funtions in the pair propaga-
tors, i.e., the GG0 [26℄ and the fully self-onsistent GG
5shemes [27, 28℄, have also been proposed. In Ref. [10℄,
we performed a omparative study of these dierent ap-
proximation shemes for a unitarity gas in the normal
state. A related alulation in the superuid phase has
also been arried out reently [25℄. Compared with the
latest path-integral Monte Carlo simulations [29, 30℄, our
analyti perturbation sheme seems to be the optimal
hoie for the alulations of the type required for the
entropy-energy relation. However, there is a small region
around the ritial temperature where none of the ur-
rent alulations are reliable, and we see indiations of
this in the data.
To inlude the eets of the trap, we employ the loal
density approximation by assuming that the system an
be treated as loally uniform, with a position dependent
loal hemial potential µ (r) = µ − V (r), where V (r)
is the trapping potential. The loal entropy and energy,
alulated diretly from the loal thermodynami poten-
tial using thermodynami relations, are then summed to
give the total entropy and energy. We note that in the
presene of a harmoni trap, the exat identity P = 2/3E
yields the virial theorem [5℄, whih states that the poten-
tial energy of the gas is a half of its total energy.
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